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Abstract—Electron backscatter diffraction (EBSD) is a tech-
nique used in material sciences to determine the orientation of
crystals on the surface of metals. Because crystal orientation
plays a key role in determining material strength, accurate
identification of a crystal’s orientation is a crucial problem.
To achieve a high level of accuracy repeated EBSD sessions
are aggregated, but material degradation and misalignment can
occur between sessions resulting in spurious crystal orientations.
Currently the projected mean is used to estimate the true crystal
orientation from repeated EBSD sessions, but it has been shown
to perform poorly when extreme observations are present. The
projected and geometric medians have been proposed as robust
alternatives, but a rigorous treatment of their behavior has not
been undertaken. In this manuscript we evaluate the behavior of
the projected estimators as well as the geometric median when
extreme observations are present. We also quantify the effect
of extreme observations on the projected estimators by deriving
their influence functions. Then we propose a statistic that can
be used to identify extreme observations and propose a novel
mean-type estimator that has improved robustness properties
over the projected mean estimator. The investigated estimators
are illustrated with a EBSD data set.

I. INTRODUCTION

Electron backscatter diffraction (EBSD) is a technique used
in material sciences to learn about the micro-structure of a ma-
terial. From each EBSD session, scientists can determine the
material’s properties including the orientation of the crystals on
the surface of the material [1]. These properties are determined
based on the diffraction pattern created by electrons reflected
off the surface of the material at a particular location. Regions
of the material with similar crystal orientations constitute
grains and the microscopic line between grains is a grain
boundary [1]. The mapping of grains and identification of grain
boundaries is important because corrosion and fracture occur
most often along grain boundaries [1]. Fig. 1 is an example
of a grain map for a piece of nickel. See the Section VI for a
detailed discussion of this example.

Typically only one replicate of EBSD is performed for each
piece of material, but it is becoming increasingly common for
scientists to scan the same piece of material several times in
order to improve the accuracy of the final grain map [2]–[4].
The EBSD process is difficult to duplicate, however, due to
material degradation after repeated scans and material mis-
alignment between EBSD sessions. Material degradation and
misalignment result in spurious observations that negatively

Fig. 1. Grain map of the nickel data with locations of interest circled with
yellow.

impact crystal orientation estimation and consequently grain
identification.

The problem of summarizing several EBSD sessions in
order to identify grains can be stated formally as follows. Let
Rij denote the random variable associated with the measured
crystal orientation at location i = 1, . . . , n based on scan
j = 1, . . . ,m. At each location the true and estimated
crystal orientations are denoted Si and Ŝi, respectively. If the
material is scanned only once, then the single measurement
at each location is treated as an estimate of the true crystal
orientation at that location, Ŝi = Ri1. When multiple scans
are available, however, the scientist must choose some function
f to aggregate the sample in order to estimate the crystal
orientation at that location, Ŝi = f(Ri1, . . . ,Rim). Grains and
grain boundaries are then identified by comparing estimated
central orientations at adjacent locations.

There is an abundance of literature on how to choose the
function f when the data are concentrated and no extreme
observations are present [2]–[8]. In this manuscript we in-
vestigate how material degradation and misalignment informs
the choice of f . Currently mean-type estimators are used to
summarize multiple EBSD sessions. It is well documented,
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however, that mean-type estimators are susceptible to extreme
observations [7], [9]. Alternative median-type estimators have
been proposed in the literature, but their behavior in the
presence of extreme observations is not fully understood [7],
[9]. In this manuscript we quantify the effect of extreme
observations on the projected estimators by deriving their
influence functions. We then propose a statistic that can be
used to identify extreme observations. Finally, the proposed
statistic is used to define a novel mean-type estimator that has
improved robustness properties over the projected mean.

The remainder of this manuscript is organized as follows.
The mathematical and statistical background necessary to
address the problem of extreme crystal orientation observations
is covered in Sections II and III, respectively. In Section IV
we consider topics in robustness including influence functions
and extreme observation identification and accommodation. A
simulation study is performed to assess the effectiveness of the
proposed estimator relative to the existing estimators in Section
V followed by a data example in Section VI. The final section
includes concluding remarks and areas of further research.

II. MATHEMATICAL PRELIMINARIES

The orientation of a cubic crystal in three dimensions
can be described mathematically by an element in the Lie
group SO(3), where each rotation matrix R ∈ SO(3) is an
orthogonal 3×3 matrix with determinant one. The Lie algebra
corresponding to SO(3) is denoted so(3) and consists of all
3× 3 skew-symmetric matrices so(3) = {X ∈ R3×3 : X> =
−X}. Each rotation R ∈ SO(3) is associated with a skew-
symmetric matrix Φ(W ) ∈ so(3), where

Φ(W ) =

 0 −w3 w2

w3 0 −w1

−w2 w1 0


for W = (w1, w2, w3)> ∈ R3. The exponential operator maps
Φ(W ) to a rotation matrix according to

R = exp[Φ(W )] =

∞∑
k=0

1

k!
[Φ(W )]k. (1)

Using properties of skew-symmetric matrices, (1) can be
simplified to

exp[Φ(W )] = cos(r)I3×3 + sin(r)Φ(U) + (1− cos r)UU>

where r = ‖W ‖ and U = W /‖W ‖. Therefore, each rotation
matrix R is associated with an angle-axis pair (r,U), where
r ∈ (−π, π] and U ∈ R3, ‖U‖ = 1 according to

R = exp[Φ(rU)] ∈ SO(3). (2)

The rotation R can be interpreted as a rotation of the
coordinate axes I3×3 about the axis U ∈ R3 by the angle
r. In the materials science literature, U and r are commonly
referred to as the misorientation axis and misorientation angle
of R with respect to I3×3, respectively, see [10].

Several distance metrics exist for the rotation group [8]; we
consider the two most common choices: the Euclidean distance

and the Riemannian distance. The Euclidean distance between
two rotations R1 and R2 ∈ SO(3) is defined as

dE(R1,R2) = ‖R1 −R2‖F =
[
6− 2tr

(
R>1 R2

)]1/2
where ‖A‖2F = tr(A>A) denotes the Frobenius norm and tr(·)
denotes the matrix trace. The Euclidean distance corresponds
to the length of the shortest path in R3×3 that connects R1

and R2 and therefore is an extrinsic distance metric.
For the rotations R1,R2 ∈ SO(3), the Riemannian distance

is defined as

dR(R1,R2) =
1√
2
||Log(R>1 R2)||F = |r1|,

where Log(R) denotes the principle logarithm of R (i.e.,
Log(R) = Φ(rU) in (2)) and r1 ∈ (−π, π] is the misorien-
tation angle of R>1 R2. The Riemannian distance corresponds
to the length of the shortest path that connects R1 and R2

within the space SO(3) and therefore is an intrinsic distance
metric. It can be shown that the Euclidean and Riemannian
distance measures are related according to dE(R1,R2) =
2
√

2 sin [dR(R1,R2)/2] [7].

III. STATISTICAL PRELIMINARIES

Estimating the true crystal orientation over multiple EBSD
scans is described statistically by a location model. For scalar
data a simple location model is of the form

Yi = µ+ ei (3)

for i = 1, . . . , n where µ ∈ R is a fixed parameter of interest
and e1, . . . , en ∈ R are independent and identically distributed
(i.i.d.) random additive errors symmetrically distributed about
zero.

The location model in SO(3) analogous to (3) is given by

Ri = SEi, (4)

for i = 1, . . . , n where S ∈ SO(3) is the fixed parameter of
interest representing the central orientation, and E1, . . . ,En ∈
SO(3) denote i.i.d. random rotations that symmetrically per-
turb S.

To elaborate on the concept of symmetry in SO(3), consider
the sample of misorienation angles r1, . . . , rn and misorien-
ation angles U1, . . . ,Un that corresponds to the sample of
perturbations E1, . . . ,En. Assume that for each i = 1, . . . , n,
the misorientation angle ri is distributed according to some
distribution on the interval (−π, π], symmetric about 0 and is
independent of the misorienatation axis Ui, which is uniformly
distributed on the unit sphere. Then the rotations Ri are
symmetrically distributed about the central orientation S and
E(Ri) = cS where c ∈ R+ depends upon the choice of dis-
tribution on the misorientation angles. See Bingham et al. [6]
for a full derivation of the probability distribution function on
SO(3) induced by this construction. Additionally see [11] for
an introduction to a class of elliptical distributions on SO(3).
Though we do not consider the elliptical distributions here,
the behavior of the estimators presented next assuming an
elliptically distribution for the perturbations Ei is of interest
to the authors.
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For a sample of symmetrically distributed random rotations,
an M -estimator for the central orientation S is defined as the
rotation matrix that minimizes the loss function ρ(Ri,S),

Ŝ = arg min
S∈SO(3)

n∑
i=1

ρ(Ri,S). (5)

The choice of loss function depends on distribution of the data
and the goal of the researcher; see [7] for a detailed discussion.

A common choice of loss function is the second-order
Eucidean distance ρ(Ri,S) = ‖Ri − S‖2F , which results in
the extrinsic mean also referred to as the projected mean. The
projected mean is defined as

ŜE = arg min
S∈SO(3)

n∑
i=1

d2E(Ri,S) = arg max
S∈SO(3)

tr(S>R)

where Rn =
∑n

i=1 Ri/n. A robust alternative to the projected
mean is the projected median, which is defined as

S̃E = arg min
S∈SO(3)

n∑
i=1

dE(Ri,S).

Alternative to the extrinsic estimators are the intrinsic or
geometric estimators, which are based on the Riemannian dis-
tance. In particular, the geometric median of Fletcher et al. [9],
[12] is the minimizer of the sum of first-order Riemannian
distances

S̃R = arg min
S∈SO(3)

n∑
i=1

dR(Ri,S).

An efficient algorithm to estimate the geometric median in
practice is given in [13]. The geometric estimators are often
intuitively preferred to the projected estimators because they
are natural to the SO(3) space, but the projected estimators
often have nice statistical properties [6], [14]–[16].

For samples consistent with model (4), Stanfill et al. [7]
demonstrated that for heavy tailed distributions, the projected
median and geometric median are preferred to the projected
mean in terms of both estimator bias and root mean square
error. This manuscript extends their work by additionally
considering the effect of extreme observations inconsistent
with model (4). Fletcher et al. [9], [12] compared the behavior
of the geometric median to that of the Frèchet mean when
extreme observations are present. They do not consider, how-
ever, quantifying the effect of extreme observations, or extreme
observation identification and accommodation. Both of these
topics are discussed in the next section.

IV. ROBUSTNESS

In this section we consider two topics of robust statistical
methods in SO(3): influence functions and extreme observa-
tion identification and accommodation. We give a general form
of the influence function for M -estimators in SO(3) and its
full form for the projected mean and median. Then we adapt
a measure of discrepancy from directional statistics to SO(3)
and use it to define a novel mean-type estimator for the central
orientation.

A. Influence Functions
An estimator’s influence function quantifies how much the

estimator will change when an additional observation is added
to the sample [17]. The influence function of estimators on the
circle and sphere have been considered previously [18]–[22],
but no applications to SO(3) are currently available. We derive
the influence functions for M -estimators in SO(3) using the
general form given on page 230 of [17]. The influence function
for the estimator Ŝ in (5) for the central orientation S for
rotationally symmetric distributions on SO(3) is

IF(R; Ŝ) = [Ψ′(S)]−1 [ψ(R,S)]

where ψ(R,S) = ∂ρ(R,S)/∂S and Ψ′(S) =
∂E[ψ(R,S)]/∂S. The conditions necessary for the influence
function to be well defined are covered in [17].

The influence function of the projected mean is

IF
(
R; ŜE

)
=

3 sin(r)

E[1 + 2 cos(r)]
U

where R = exp[Φ(rU)] is the additional observation whose
influence is to be evaluated, r ∈ (−π, π] and U ∈ R3 satisfies
‖U‖ = 1. The influence function of the projected mean is
peaked at π/2 and is sinusoidally related to the misorientation
angle r. The influence function of the extrinsic mean on the
circle is closely related to that of the projected mean [18].

The influence function of the projected median is

IF
(
R; S̃E

)
=

sin(r)

2d
√

1− cos(r)
U

where d = E
{

[1 + 3 cos(r)] /[12
√

1− cos(r)]
}

. Similar to
the influence function for the extrinsic median on the circle, the
influence function of the projected median has a discontinuity
at r = 0 and monotonically approaches zero as the misorien-
tation angle r moves away from zero [18], [23]. Note that the
influence function for the projected median is undefined when
d = 0. This occurs when the distribution assumed for the
perturbation matrices is unbounded at E = I3×3. An example
of one such distribution is the circular-von Mises distribution
[6].

A comparison of the projected mean and median influence
functions as a function of the observation’s misorienation angle
for the rotationally symmetric de la Vallée Poussin distribution
on SO(3) for two variances is given in Fig. 2. Notice that
IF (R, Ŝ) = 0 when r = ±π for both the projected mean
and median. It follows that both estimators are unchanged
when an observation exactly π radians away from the current
estimate of S, with respect to the geodesic distance, is added
to a sample. For the projected mean, observations π/2 radians
away from the current estimate will have the largest effect
while observations close to the current value of the projected
median will have the largest effect on its value.

The influence functions for the geometric median is of inter-
est to the authors but is not presently available. An empirical
study not reported here as well as the simulation study in the
next section both suggest that the magnitude of the influence
function for the geometric median is monotonically increasing
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Fig. 2. A comparison of the projected mean and median influence functions for the rotationally symmetric de la Vallée Poussin distribution on SO(3) with
variances 0.25 (left) and 0.75 (right).

as a function of the additional observation’s misorientation
angle. We will return to the implications of this result in the
Section VII.

B. Extreme Observations
Influence functions are useful to determine how an estimator

will be affected by a sample point, but they generally cannot be
used directly to identify extreme observations. For data on the
circle and sphere, the identification of extreme observations has
received considerable attention; see Collett [24], Best & Fisher
[25], and Bagchi & Guttman [26] for major developments
or Mardia & Jupp [27] for a review. Further, estimators that
accommodate extreme observations on the circle and sphere
have also received considerable attention, see e.g. [28]–[31].
For data in SO(3), however, these topics have not yet been
explored. We adapt a method from directional statistics for
extreme observation identification in SO(3) and propose a
novel estimator that accommodates for the identified extreme
observations.

In order to adapt a statistic on the hypersphere to SO(3), we
use an alternative parameterization of rotations: unit vectors in
R4 called quaternions. Let r and U be the misorientation angle
and axis of the rotation R constructed according to (2), then
R can be described by the quaternion

q = [cos(r/2), sin(r/2)U>]>.

Quaternions are unique up to a sign, that is q and −q
correspond to the same rotation. It follows that quaternions
describe an axial population in R4, where a random vector
Z ∈ Rp is said to come from an axial population if Z and
−Z have the same distribution.

Suppose q1, . . . , qn is a random sample of quaternions
corresponding to symmetrically distributed rotations generated
according to (4). Let Q denote the n×4 matrix with rows q>i
and define T = Q>Q =

∑n
i=1 qiq

>
i . Denote the ordered

eigenvalues of T with τ̂1 ≤ τ̂2 ≤ τ̂3 ≤ τ̂4. For each

i = 1, . . . , n let Ti denote the matrix T computed after the
ith observation has been deleted, i.e. Ti = T − qiq

>
i , which

has ordered eigenvalues τ̂1,i ≤ τ̂2,i ≤ τ̂3,i ≤ τ̂4,i. The statistic

Hi = (n− 2)
1 + τ̂4,i − τ̂4
n− 1− τ̂4,i

(6)

was proposed for data on the sphere in [25] and Section
6.3.2(iii) of [32] to identify extreme observations from samples
from an axial population. Figueiredo [33] extended (6) for use
on the hypersphere and for en bloc testing of outliers.

For each i, the statistic Hi is a measure of how far observa-
tion Ri is from the bulk of the data. As the distance between
observation Ri and the bulk of the data increases, the value
of Hi increases. Therefore, the inverse of Hi could be used
as a weight for observations in the sample that will decrease
the contribution of observations far from the bulk of the data
and increase the contributions of those close to the bulk of the
data. This is the intuition behind the following projected mean-
type estimator that is constructed to accommodate extreme
observations.

Define the SO(3) projected weighted mean as

ŜW = arg min
S∈SO(3)

n∑
i=1

wid
2
E(Ri,S) = arg max

S∈SO(3)

tr(S>RW )

where RW =
∑

i wiRi and wi = (1/
√
Hi)/[

∑
i(1/
√
Hi)].

The square root of Hi is used because Hi is a function of
the eigenvalues of T and the eigenvalues of T correspond
to the squared singular values of Q. It follows that

√
Hi is

proportional to the variability in the sample and will be on the
same scale as the data.

V. SIMULATION STUDY

In this section we evaluate the performance of the discussed
estimators for contaminated data with a simulation study. To
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generate data, we assume the following model:

Ri = SEiI(i ∈ G1) + S∗Ei[1− I(i ∈ G1)] (7)

for i = 1, . . . , n where S is a fixed parameter of interest
representing the central orientation of the bulk of the data,
S∗ is the fixed parameter representing the central orientation
of the contamination values, E1, . . . ,En are i.i.d. rotationally
symmetric random perturbations and I(i ∈ G1) = 1 if rotation
i belongs to group one and is zero otherwise. The proportion
of observations in either group is controlled by the parameter
p satisfying p = 1− P (i ∈ G1).

Samples of size n =10, 25 and 50 are generated from the de
la Vallée Poussin [34] (or Cayley [15]) distribution each with
p = 0, 0.1 and 0.2. We also vary the distance between the two
groups by setting the main group’s central orientation to the
identity and the contamination group’s central orientation to a
rotation through either π/4 or π/2 radians about the x-axis.
In the context of (7), S = I3×3 and S∗ = exp[Φ(r∗U)]
where r∗ ∈ {π/4, π/2} and U = [1, 0, 0]>. According
to the assumption of rotational symmetry, the choice of U
is immaterial. One-thousand samples are generated for each
combination of sample size, contamination percentage and
contamination central orientation. For each generated sample
the Euclidean distance between each estimator and the true
central orientation of interest S is computed, which represents
the error of the estimator. Table I reports the average error for
each estimator as a function of contamination level and Fig. 3
is a visual representation of these results.

TABLE I. ESTIMATED ESTIMATOR BIAS FOR DIFFERENT SAMPLE
SIZES AND CONTAMINATION CONFIGURATIONS.

r∗ n p ŜE ŜW S̃E S̃R

π/4

10
0.0 0.141 0.147 0.154 0.154
0.1 0.177 0.165 0.170 0.170
0.2 0.248 0.203 0.196 0.197

25
0.0 0.091 0.094 0.098 0.098
0.1 0.118 0.107 0.108 0.108
0.2 0.222 0.171 0.149 0.153

50
0.0 0.065 0.068 0.071 0.071
0.1 0.118 0.094 0.086 0.087
0.2 0.218 0.162 0.131 0.137

π/2

10
0.0 0.143 0.149 0.156 0.155
0.1 0.212 0.172 0.174 0.175
0.2 0.364 0.218 0.192 0.205

25
0.0 0.089 0.093 0.098 0.097
0.1 0.151 0.112 0.107 0.110
0.2 0.353 0.194 0.140 0.162

50
0.0 0.063 0.066 0.069 0.069
0.1 0.169 0.103 0.083 0.091
0.2 0.350 0.189 0.119 0.147

When there is no contamination in the sample, i.e. p = 0,
then the projected mean has the smallest average error for all
sample sizes. For both contamination misorientations, however,
the error of the projected mean increases most quickly as a

function of the contamination level p. The rate of increase
is larger when the contamination central orientation has a
misorientation angle of r∗ = π/2.

Compared to the median estimators, the weighted mean is
the preferred estimator for samples with p ≤ 0.1, n ≤ 25
and r∗ = π/4. When r∗ = π/2 the weighted mean is still
preferred for n = 10 and p = 0.1, but as the contamination
increases or the moves away from the bulk of the data, the
median estimators perform better.

Comparing the two median estimators (the last two columns
of Table I), there is no discernible difference between them
when there is no contamination or when the sample is small.
For larger sample sizes, the projected median is preferred to the
geometric median uniformly when p > 0. For the same sample
size and percentage of contamination, the projected median
performs better when the contamination group is further away,
i.e. r∗ = π/2 rather than r∗ = π/4, whereas the geometric
median performs worse.

VI. DATE EXAMPLE

Consider EBSD data obtained by scanning a fixed 12.5 µm
× 10 µm nickel surface at individual locations spaced 0.2 µm
apart. This scan was repeated up to 14 times at each location
and rotation matrices are used to represent the measured crystal
orientation for each location, scan combination [6], [35]. Fig. 1
is a the grain-map that results from these 14 scans with each
location shaded according to the estimated crystal orientation
at each location determined by the projected median. The
locations circled in yellow are examples of where it is believed
that material degradation and misalignment have occurred.

TABLE II. EXAMPLE DATA POINTS EXPRESSED AS QUATERNIONS
WITH CORRESPONDING Hi VALUES.

q1 q2 q3 q4 Hi

0.679 0.427 -0.098 -0.589 0.452
0.678 0.425 -0.104 -0.590 0.495
0.679 0.428 -0.102 -0.587 0.520
0.680 0.425 -0.104 -0.588 0.523
0.680 0.425 -0.105 -0.588 0.535
0.680 0.425 -0.105 -0.588 0.539
0.680 0.426 -0.105 -0.588 0.546
0.681 0.425 -0.106 -0.586 0.583
0.681 0.424 -0.108 -0.587 0.613
0.617 0.394 0.011 -0.682 1.883
0.616 0.394 0.011 -0.682 1.897
0.617 0.392 0.012 -0.683 1.938
0.617 0.389 0.011 -0.684 1.954
0.614 0.396 0.013 -0.683 1.995

Because rotations are 3 × 3 orthogonal matrices then each
column of each observation is a unit vector in R3 that is
orthogonal to the other two columns. Therefore a rotation
observation can be visualized as a point on each of three
unit spheres, where each sphere represents the position of
an axis of rotation. This visualization technique is used for
an exemplary location circle in yellow in Fig. 1. At this
location, nine locations are grouped tightly and five additional
observations form a second group roughly π/8 radians away,
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Fig. 3. Monte Carlo estimated bias as function of contamination for different contamination values and sample sizes.

(a) x-axis (b) y-axis (c) z-axis

Fig. 4. The x-, y- and z-axes of each scan at location 698 of the nickel dataset visualized with four estimates of the central orientation: the projected mean
(light blue), the weighted mean (light green), the projected median (dark blue) and the geometric median (dark green).

with respect to the geodesic distance. The 14 observations
parameterized as quaternions along with their corresponding
values of Hi are in Table II. Based on the Hi values there
is a clear distinction between the two groups. Observations
in the concentrated group have Hi values around 0.5 and
observations in the second group have Hi values at least three
times larger.

The estimated true grain orientation at this location accord-
ing to the projected mean is represented by the light blue dots
in Fig. 4. The proposed weighted mean estimator is in light
green and the two median estimators are dark green and dark
blue, which are plotted on top of one another. Notice that

the projected mean is between the two groups and does not
accurately reflect the orientation of either of the two groups.
The median estimators, however, are located in the center of
the larger group. Because the weighted mean puts less weight
on the second group than the projected mean, it is closer to the
larger of the two groups, but should not be used over either
median estimator. The behavior of these four estimators in this
case is an echo of the results from the simulation study, which
suggested either median estimator be used to estimate the true
crystal orientation at locations where r∗ = π/4, n = 10 and
p = 0.2.
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VII. DISCUSSION

In this manuscript we proposed a weighted mean estimator
for the rotation group based on a statistic proposed originally
for spherical data. In a simulation study we demonstrated that
the proposed weighted mean performs better than the median
type estimators for all samples with no contamination or when
there is a small contamination in small samples. In addition,
it was found that the geometric median performs worse as the
contamination moves further away from the bulk of the data
while the projected median performs better.

The behavior of the projected mean and median as the
contamination group moves is explained by their influence
functions, which were given in this manuscript for the first
time. The magnitude of the influence function of the projected
mean peaks at r = ±π/2 and therefore the bias of the
projected mean increases more rapidly as a function of p when
r∗ = π/2 rather than r∗ = π/4. The influence function of
the projected median, however, is monotonically decreasing in
magnitude as r moves away from zero. Therefore additional
observations further away from the projected median have less
of an impact on its value. Both of these behaviors were evident
in the simulation study.

Though we did not provide the explicit form of the influence
function for the geometric median, our results suggest its
magnitude increases monotonically as r moves away from
zero. This implies that additional observations placed further
away from its current value have a larger impact on its bias.

Our findings also enlighten previously unexplained behavior
of point estimators in SO(3). In an empirical study Stanfill et
al. [7] considered estimating the central orientation with the
four projected and geometric mean and median for uncontam-
inated data generated by (4) with Ei distributed according to
the de la Vallée Poussin, matrix Fisher and circular-von Mises
distributions. They found that the projected estimators were
preferred to their geometric counterparts with respect to bias
and RMSE for data generated from heavy tailed distribution,
and the projected estimators were preferred for data generated
from a distribution with little tail weight. Their results are
consistent with the theoretical and empirical results reported
here. In particular observations near ±π negatively impact the
performance of the geometric estimators but have little impact
on the projected estimators’ performance while the opposite is
true for observations near ±π/2.

The explicit form of the influence function of the geometric
median is an area of future research. Estimator robustness
properties such as breakdown point and gross error sensitivity
can be derived from the estimator’s influence function and are
also of interest. Finally, alternative estimators that accommo-
date extreme observations such as Huber’s estimator and the
wisorized mean could prove to be fruitful areas of research.

REFERENCES

[1] A. J. Schwartz, M. Kumar, B. L. Adams, and D. P. Field, Electron
Backscatter Diffraction in Materials Science. Springer, 2009.

[2] M. Humbert, N. Gey, J. Muller, and C. Esling, “Determination of a mean
orientation from a cloud of orientations. Application to electron back-
scattering pattern measurements,” Journal of Applied Crystallography,
vol. 29, no. 6, pp. 662–666, 1996.

[3] J. Cho, A. Rollett, and K. Oh, “Determination of a mean orientation
in electron backscatter diffraction measurements,” Metallurgical and
Materials Transactions A, vol. 36, no. 12, pp. 3427–3438, 2005.

[4] F. Bachmann, R. Hielscher, P. Jupp, W. Pantleon, H. Schaeben, and
E. Wegert, “Inferential statistics of electron backscatter diffraction
data from within individual crystalline grains,” Journal of Applied
Crystallography, vol. 43, no. 6, pp. 1338–1355, 2010.

[5] M. Moakher, “Means and averaging in the group of rotations,” SIAM
Journal on Matrix Analysis and Applications, vol. 24, no. 1, pp. 1–16,
2002.

[6] M. Bingham, D. Nordman, and S. Vardeman, “Modeling and inference
for measured crystal orientations and a tractable class of symmetric
distributions for rotations in three dimensions,” Journal of the American
Statistical Association, vol. 104, no. 488, pp. 1385–1397, 2009.

[7] B. Stanfill, U. Genschel, and H. Hofmann, “Point estimation of the
central orientation of random rotations,” Technometrics, vol. 55, no. 4,
pp. 524–535, 2013.

[8] R. Hartley, J. Trumpf, Y. Dai, and H. Li, “Rotation averaging,” Inter-
national Journal of Computer Vision, pp. 1–39, 2013.

[9] P. T. Fletcher, S. Venkatasubramanian, and S. Joshi, “Robust statistics
on Riemannian manifolds via the geometric median,” in 2008 IEEE
Conference on Computer Vision and Pattern Recognition. IEEE, 2008,
pp. 1–8.

[10] V. Randle, Microtexture Determination and its Applications. London:
Maney for The Institute of Materials, Minerals and Mining, 2003.

[11] M. A. Bingham, D. J. Nordman, and S. B. Vardeman, “Bayes infer-
ence for a tractable new class of non-symmetric distributions for 3-
dimensional rotations,” Journal of Agricultural, Biological, and Envi-
ronmental Statistics, vol. 17, no. 4, pp. 527–543, 2012.

[12] P. Fletcher, S. Venkatasubramanian, and S. Joshi, “The geometric
median on Riemannian manifolds with application to robust atlas
estimation,” NeuroImage, vol. 45, no. 1, pp. S143–S152, 2009.

[13] R. Hartley, K. Aftab, and J. Trumpf, “L1 rotation averaging using the
Weiszfeld algorithm,” in 2011 IEEE Conference on Computer Vision
and Pattern Recognition. IEEE, 2011, pp. 3041–3048.

[14] P. Jupp and K. Mardia, “Maximum likelihood estimators for the matrix
von Mises-Fisher and Bingham distributions,” The Annals of Statistics,
vol. 7, no. 3, pp. 599–606, 1979.
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